A connected dominating set of a graph G = (V, E) is a subset of vertices CD ⊆ V such that every vertex not in CD is adjacent to at least one vertex in CD, and the subgraph induced by CD is connected. We show that, given an arc family F with endpoints sorted, a minimum-cardinality connected dominating set of the circular-arc graph constructed from F can be computed in O(|F |) time.
Introduction
All graphs considered in this paper are finite, undirected, without loops or multiple edges. Throughout the paper, n and m denote the numbers of vertices and edges of a graph G = (V, 
The Algorithm
Let F be a circular-arc family with endpoints sorted where |F | = n. An arc v in F beginning from point c and ending at point d in clockwise direction is denoted by (c, d). We call both points c and d endpoints of arc v. We call point c the head of arc v, denoted by h(v), and point d the tail of arc v, denoted by t(v), respectively. Without loss of generality, assume that all endpoints of arcs in F are distinct and that no arc covers the entire circle. A contiguous part of the circle beginning from point c and ending at point d in the clockwise direction, is referred to as segment (c, d), denoted by seg(c, d). We refer to an element of F as an arc and a part of the circle as a segment, respectively. We assume both arcs and segments are open, namely, they do not contain their endpoints. Note that an arc is also a segment of the circle. We say that a point p is contained in a segment seg(c, d) if it falls within the interior of seg(c, d). Denote this by p ∈ seg(c, d). An arc u of F is said to be contained in another arc v if every point of arc u is contained in arc v. An arc in F is maximal if it is not contained in any other arc of F . Let F denote the collection of all maximal arcs in F . Figure 1 shows a circular-arc family, where dark arcs are maximal arcs. We call a subset C of a circular-arc family F a circle cover in F , if the union of arcs in C covers the entire circle. A minimum circle cover in F is a circle cover of minimum cardinality among all circle covers in F . Clearly a circle cover in F is a connected dominating set of G(F ). If there exists an arc u in F which intersects every other arc in F , then {u} is a minimum connected dominating set. Such an arc can be found in O(n) time if it exists [12] . If F does not cover the entire circle, then G(F ) is an interval graph. This case can be detected easily. If G(F ) is an interval graph, the connected domination problem can be solved in O(n) time [2] . In the following, we assume G(F ) is not an interval graph, and F covers the entire circle. Definition 1. Let u and v be two maximal arcs such that h(u) is not in v. Define a clockwise path from u to v of length k − 1 to be a sequence Remark 2. Let P be a clockwise path from u to v, where u and v are two maximal arcs that do not intersect each other. If seg(t(v), h(u)) does not contain any arc in F , then the set of arcs visited by P is a connected dominating set of G(F ). On the other hand, the union of arcs in a connected dominating set of G(F ) either covers the entire circle, or is a segment of the circle. In the former case, it is a circle cover in F . If it is a segment seg(c, d), then seg(d, c) contains no arc in F . Let c and d be the head and tail of arc u and v, respectively. Then the set of arcs visited by the shortest clockwise path from u to v is also a connected dominating set of G(F ).
Based upon the above remarks, we first find a minimum circle cover for F . Then we find two maximal arcs u and v such that |SP c (u, v)| is minimum and seg(t(v), h(u)) does not contain any arc in F . Then the smaller one of the minimum circle cover, and the set of arcs visited by SP c (u, v) is a minimum connected dominating set of G(F ). In the following, we show how to find two such arcs u and v.
Definition 2.
[12] For a maximal arc u, the first clockwise undominated arc U (u) is the arc in F \N [u] whose tail is first encountered in a clockwise traversal from t(u). Define N EXT (u) to be the arc in N [U (u)] ∩ F whose tail is last encountered in a clockwise traversal from t(U (u)).
For example, in the arc family F shown in Figure 1 , U (1) = 2, N EXT (1) = 4, U (13) = 15, and N EXT (13) = 1.
Remark 3. For a maximal arc u, h(N EXT (u)) is either in arc u or not, as shown in Figure 2 . In case h(N EXT (u)) is not in arc u, we observe that seg(t(u), h(N EXT (u))) does not contain any arc in F . This implies that Our main theorem is given in the following.
Theorem 1.
Assume that no arcs in F intersect all other arcs in F , and that F covers the entire circle. Then, either a minimum circle cover in F is a minimum connected dominating set of G(F ) or there exists a maximal arc u such that h(N EXT (u)) is not in u and SP c (N EXT (u), u) is a minimum connected dominating set of G(F ).
Proof. Suppose D, where |D| = k, is a minimum connected dominating set of G(F ) such that all arcs in D are maximal arcs. By Remark 1, such a minimum connected dominating set exists. By the assumption of the theorem, k ≥ 2. Since the union of arcs in D either covers the entire circle or is a segment of the circle, the arcs in D can be sorted into a sequence
) is in arc u, then the union of arcs in D covers the entire circle. Hence D is a minimum connected dominating set of G(F ). Since D is a circle cover in F , |D | is no less than the cardinality of a minimum circle cover in F . Hence a minimum circle cover in F is also a minimum connected dominating set of G(F ). On the other hand, assume that h(N EXT (u)) is not in arc u. The union of arcs in D is a segment seg(h(N EXT (u)), t(u)). Since segment seg(t(u), h(N EXT (u))) contains no arc in F , D is a minimum connected dominating set of G(F ). Because
Our algorithm is formally presented in the following.
Algorithm MCDS. Find a minimum connected dominating set of G(F ).
Input: A set F of n sorted arcs, where each arc i is represented as (h(i), t(i)), and all arcs in F are labelled from 1 to n. Output: A minimum connected dominating set of G(F ). Method:
10. find a clockwise shortest path SP c (N EXT (u), u), and let D = SP c (N EXT (u), u); 11. output the smaller one of C and D.
The correctness of the above algorithm can be seen from Theorem 1. In the following, we show how this algorithm can be implemented in O(n) time. A minimum circle cover in F can be computed in O(n) time [17] . Given an arc family F of n sorted arcs, we can compute N EXT (v) for all maximal arcs v in O(n) time [12] . After O(n) time preprocessing, given two maximal arcs u and v with that h(u) is not in arc v, |SP c (u, v)| can be computed in O(1) time and a clockwise shortest path SP c (u, v) can be reported in O(n) time [4] . Thus we have the following theorem.
Theorem 2. Given a set of n sorted arcs, Algorithm MCDS solves the connected domination problem on circular-arc graphs in O(n) time.
